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ON ^-SYMMETRIC LP-SASAKIAN MANIFOLDS ADMITTING 
SEMI-SYMMETRIC METRIC CONNECTION 


ABSOS ALI SHAIKH AND SHYAMAL KUMAR HUI 

Abstract. The object of the present paper is to study locally (/)-symmetric LP- 
Sasakian manifolds admitting semi-symmetric metric connection and obtain a nec¬ 
essary and sufficient condition for a locally ^-symmetric LP-Sasakian manifold with 
respect to semi-symmetric metric connection to be locally (/)-symmetric LP-Sasakian 
manifold with respect to Levi-Civita connection. 


1. Introduction 

On the analogy of Sasakian manifolds, in 1989 Matsumoto |T2] introduced the 
notion of LP-Sasakian manifolds. Again the same notion was studied by Mihai and 
Rosea [13] and they obtained many results. LP-Sasakian manifolds are also studied 
by De et. ah [8], Shaikh et. ah ([IH], [IT], [IH], [20]), Taleshian and Asghari [28] . 
Venkatesha and Bagewadi [29] and many others. The notion of locally 0-symmetry 
on a 3-dimensional LP-Sasakian manifold was studied by Shaikh and De ED- 

In 1924 Friedmann and Schouten [10] introduced the notion of semi-symmetric 
linear connection on a differentiable manifold. Then in 1932 Hayden m introduced 
the idea of metric connection with torsion on a Riemannian manifold. A systematic 
study of the semi-symmetric metric connection on a Riemannian manifold has been 
given by Yano [30] in 1970. Also semi-symmetric metric connection on a Riemannian 
manifold has been studied by Barua and Mukhopadhyay [T], Binh [5], Chaki and 
Chaki [5], Chaturvedi and Pandey [B], Shaikh and Hui [23], Sharfuddin and Hussain 
[23] and many others. Recently Shaikh and Jana studied the quarter-symmetric 
metric connection on a (fc,yu)-contact metric manifold [24] . 

The study of Riemann symmetric manifolds began with the work of Cartan [4]. A 
Riemannian manifold is said to be locally symmetric due to Cartan [4] if its 

curvature tensor R satishes the relation VR = 0, where V denotes the operator of 
covariant differentiation with respect to the metric tensor g. As a weaker version of 
local symmetry, the notion of locally 0-symmetric Sasakian manifold was introduced 
by Takahashi [2T]. In the sense of Takahashi, Shaikh and Baishya [TB] studied locally 
0-symmetric LP-Sasakian manifolds. The notion of locally 0-symmetric manifolds in 
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different structures has been studied by several authors (see, 0. im, PI, 1221. EH). 
An LP-Sasakian manifold is said to be (^-symmetric |7] if it satishes the condition 

( 1 . 1 ) (t>\{VwR){X,Y)Z) = {) 

for arbitrary vector helds X, Y, Z and W on M. 

In particular, if X, F, Z, W are horizontal vector helds, i.e., orthogonal to then 
it is called locally ^-symmetric LP-Sasakian manifold [27] , 

It is easy to check that an LP-Sasakian manifold is ())-symmetric if and only if it is 
locally symmetric or locally ^-symmetric. 

Recently De and Sarkar |9] studied ^-Ricci symmetric Sasakian manifolds. In this 
connection Shukla and Shukla |26] studied 0-Ricci symmetric Kenmotsu manifolds. 
An LP-Sasakian manifold is said to be 0-Ricci symmetric [5] if it satishes 

(1.2) 02((Vxg)(R)) = O, 

where Q is the Ricci operator, i.e., g{QX, Y) = S{X, Y) for all vector helds X, Y. 

If X^ Y are horizontal vector helds then the manifold is said to be locally 0-Ricci 
symmetric. 

It is easy to check that an LP-Sasakian manifold is (/)-Ricci symmetric if and only 
if it is Ricci symmetric or locally (^-Ricci symmetric. 

The object of the present paper is to study the locally ^-symmetric and locally (j>- 
Ricci symmetric LP-Sasakian manifolds admitting semi-symmetric metric connection. 
The paper is organized as follows. Section 2 is concerned with some preliminaries 
about LP-Sasakian manifolds and semi-symmetric metric connection. Section 3 is 
devoted to the study of locally ^-symmetric LP-Sasakian manifolds admitting semi- 
symmetric metric connection and obtained a necessary and sufficient condition for 
a locally ^-symmetric LP-Sasakian manifold with respect to semi-symmetric metric 
connection to be locally ^-symmetric LP-Sasakian manifold with respect to Levi- 
Civita connection. Section 4 deals with the study of locally (^-Ricci symmetric LP- 
Sasakian manifolds admitting semi-symmetric metric connection. 

2. Preliminaries 

An n-dimensional smooth manifold M is said to be an LP-Sasakian manifold f|13]. 
[HI) if it admits a (1, 1) tensor held 0, a unit timelike vector held an 1-form g and 
a Lorentzian metric g, which satisfy 

(2.1) h(0 = -l, g{X,0=g{X), <t>‘'X = X + g{X)i, 

(2.2) g{ct>X, ct^Y) = g{X, Y) + g{X)g{Y), Vxi = 


(2.3) 


(Vx0)(R) = g{X, Y)i + g{Y)X + 2g{X)g{Y)i, 


ON -/^-SYMMETRIC LP-SASAKIAN MANIFOLDS .... 


3 


where V denotes the operator of covariant differentiation with respect to the Lorentzian 
metric g. It can be easily seen that in an LP-Sasakian manifold, the following relations 
hold: 

(2.4) 0^ = 0, rjo<j) = Q, rank = n — 1. 

Again, if we take 

n{X,Y)=g{X,ct>Y) 

for any vector helds X, Y, then the tensor held f2(X, Y) is a symmetric (0,2) tensor 
held [12]. Also, since the vector held p is closed in an LP-Sasakian manifold, we have 

m, m) 

(2.5) iXxv){Y)=n{X,Y), n{x,o = o 

for any vector helds X and Y. 

Let M be an n-dimensional LP-Sasakian manifold with structure {4>,C,'r],g)- Then 
the following relations hold (|16]. HZ]): 

(2.6) R{X,Y)^ = rj{Y)X-r){X)Y, 

(2.7) v{R{X, Y)Z) = v{X)g{Y, Z) - v{Y)g{X, Z), 

(2.8) S{X,0 = {n-l)v{X), 

(2.9) S{(j)X, (PY) = S{X, Y) + {n- l)p(X)p(y), 

(2.10) {VwR){x, F)c = fi(y, w)x - n{x, w)y - r{x, y)0ip, 

(2.11) {VwR){X, 0^ = Z)X - g{X, Z)(j)W - R{X, (j)W)Z 

for any vector helds X, Y, Z, where R is the curvature tensor of g. 

Let M be an n-dimensional LP-^asakian manifold and V be the Levi-Civita con¬ 
nection on M. A linear connection V on M is said to be semi-symmetric if the torsion 
tensor r of the connection V 

t{X,Y)=VxY-VyX-[X,Y] 

satishes 

(2.12) T{X,Y) = g{Y)X-g{X)Y 

for all X,Ye x(M); x(M) being the Lie algebra of all smooth vector helds on M. A 
semi-symmetric connection V is called semi-symmetric metric connection if it further 
satishes 


(2.13) 


Vj = 0. 
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A semi-symmetric metric connection V in an LP-Sasakian manifold is defined by 

(Pg.P!): 

( 2 . 14 ) VxY = VxY + r,{y}X-g{X,Y)t 

If R and R are respectively the curvature tensor of the Levi-Civita connection V 
and the semi-symmetric metric connection V in an LP-Sasakian manifold, then we 
have [15] 

(2.15) R{X,Y)Z = R{X,Y)Z-a{Y,Z)X+ a{X,Z)Y 

- g{Y,Z)LX + g{X,Z)LY, 

where a is a symmetric (0,2) tensor field given by 

(2.16) a(X, F) = {Xxv){Y) + ^giX, F), 

(2.17) LX = Vxe + - lx - g{X)C 

and 

(2.18) g{LX,Y) = a{X,Y). 

Lemma 2.1. [15] In an LP-Sasakian manifold with semi-symmetric metric connec¬ 
tion V, we have 

(2.19) R{X, Y)Z + R{Y, Z)X + R{Z, X)Y = 0, 

(2.20) g{R{X, Y)Z, U) = -g{R{Y, X)Z, U), 

(2.21) g{R{X, Y)Z, U) = -g{R{X, Y)U, Z), 

(2.22) g{R{X, Y)Z, U) = g{R{Z, U)X, F). 

Lemma 2.2. [15] In an n-dimensional LP-Sasakian manifold the Ricci tensor S and 
scalar curvature r with respect to semi-symmetric metric connection V are given by 

(2.23) S{X, F) = ^(X, F) - (n - 2)a(X, F) - ag{X, F) 
and 

(2.24) r = r —2(n —l)a, 

where a = tr. a, S and r denote the Ricci tensor and scalar curvature of Levi-Civita 
connection V respectively. 
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Lemma 2.3. [I5] Let M be an n-dimensional LP-Sasakian manifold with semi- 
symmetric metric connection V. Then we have 

(2.25) g{R{X,Y)Z,f) = g{R{X,Y)Z) = {Xxv){ZHY) - {Xyv){ZHX), 

(2.26) R{f, X)f = = X + g{X)f - cfX, 

(2.27) R{X, Y)f = v{X)XyC - riiY)Xxi, 

(2.28) R{f, X)Y = v{Y)XxC - g{Y, XxOC, 

(2.29) S{X,0=(^-a)v{X), 

(2.30) S{<pX,(fY) = S{X,Y)+(^^-a)viXMY) 

- {n-2)a{X,Y)-ag{X,Y) 
for arbitrary vector fields X, Y and Z. 

From O, dH, (ESD, fICT) and (12X71) . we get 

(2.31) {XwR){X,Y)f = R{X,Y)W - R{X,Y)(j)W+ a{X,W)Y 

- a{Y, W)X + g{X, W)LY - g{Y, W)LX 
+ a{Y,(l)W)X - a{X,(t)W)Y+ Vt{Y,W)LX 

- Pt{X,W)LY + g{X,W)Y - g{Y,W)X 
+ g{Y,W)(l)X - g{X,W)(t)Y + n{Y,W)X 

- n{X, W)Y + 11(X, W)(t)Y - 12(y, 7F)0X 
+ g{X)[g{Y,W)-n{Y,W)]^ 

- g{Y)[g{X,W)-n{X,W)]i 

for arbitrary vector fields X, Y and W. Also from fl2.14p . fl2.15p and fl2.2ip . we have 

(2.32) g{{ywR){XX)Z,U) = -g{{ywR){XX)U,Z)- 
From fl2.17p we have 

(2.33) a(X,0 = ^hW, 

(2.34) (Viv«)(X,0 = 

(2.35) (V^L)(X) = [g{W,X)-^{WXM 

+ g{X) [VF - (i)W] + 2g{X)g{W)f. 
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Again by virtue of (I2.33p - (12.35^ we have from (12.141) and (I2.15p that 

(2.36) {VwR){X,Y)Z 

= i\/wR)iX, Y)Z - g{RiX, Y)Z, + [giW, Y) - YMZ)X 
+ [g{W, Z) - Z)]g{Y)X + 2g{Z)g{W) [g{Y)X - g{X)Y] 

+ a(y, Z)[g{X, W)^ - v{X)W] + X) - g{W, XMZ)Y 
+ [n{W, Z) - g{W, Z)]g{X)Y + a(X, Z)[g{Y)W - g{Y, 1^)^] 

- g{Y, Z) [{g{W, X) - X) - a(X, fX)K + v{X){^W - + 2g{W)0] 

+ giX, Z)[{g{W, Y) - X) - a(X, fX)K + viY){^W - </>W + 2g{W)0]- 
By virtue of fl2.33p and fl2.35p it follows from fl2.14p that 

(2.37) {VxS){Y,Z) = {VxS){Y,Z)-[S{X,Y) + a{X,YMZ) 

+ [^g{X,Z) + {n-2)n{X,ZMY) 

-in- 2)[giX, Y) - f2(X, YMZ) - daiX)giY, Z). 

Also from fl2.8p we have 

(2.38) (Vx^)(X,0 = (n- l)f2(X,y) - ^(X,0X). 


3. Locally ^-symmetric LP-Sasakian manifolds admitting 

SEMI-SYMMETRIC METRIC CONNECTION 

Definition 3.1. An LP-Sasakian manifold M is said to be locally ^-symmetric with 
respect to semi-symmetric metric connection if its curvature tensor R satishes the 
condition 

(3.1) cP \ iVwR ) iX , Y ) Z ) = 0 

for all horizontal vector helds X, Y, Z and W. 

We now consider a locally ^-symmetric LP-Sasakian manifold with respect to semi- 
symmetric metric connection. Then by virtue of fl2.ip it follows from fl3.ip that 

(3.2) iXwR)iX,Y)Z + giiXwR)iX,Y)Z)^ = 0. 

Using in (Q, we get 

(3.3) iXwR)iX, Y)Z = giiVwR)iX, Y)i, Z% 
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In view of (I2.3ip it follows from (I3.3p that 


i\/wR)iX,Y)Z = 
(3.4) 

+ 

+ 


g{R{X, y)iy, Z) - g{R{X, Y)<PW, Z) + a{X, W)g{Y, Z) 

aiY, W)g{X, Z) + g{X, W)a(Y, Z) - g{Y, W)a{X, Z) 
a{Y, ^W)g{X, Z) - aiX, W) 9 {Y, Z) + fi(y, W)a(X, Z) 
fi(X, W)a{Y, Z) + g{X, W)g{Y, Z) - g{Y, W)g{X, Z) 
g{Y, WMX, Z) - g{X, W^Y, Z) + fi(y, W)g{X, Z) 


- n{x, w)g{Y, z) + w)n{Y, z) - fi(y, w)n{x, z) 


for all horizontal vector helds X, X, Z and W. Next, let us assume that in an LP- 
Sasakian manifold, the relation fl3.4l) holds for all horizontal vector helds X, X, Z 
and W. Then it follows from fl2.36p that fl3.4p holds and consequently the manifold 
is locally ^-symmetric with respect to semi-symmetric metric connection. This leads 
to the following: 


Theorem 3.1. An LP-Sasakian manifold is locally f-symmetric with respect to semi- 
symmetric metric connection if and only if the relation (13.41) holds for all horizontal 
vector fields X, Y, Z and W. 


In view of (12.321) . it follows from (13.2p that 
(3.5) {VwR){X,Y)f = 0. 


From (I2.3ip and (13.51) it follows that 


(3.6) 


i?(X, Y)W - R{X,Y)(j)W 

= g{Y, IT)X - g{X, W)Y + g{X, W)fY - g{Y, W)fX 
+ f2(X, W)Y - fl(y, W)X + fl(y, IF)0X - f2(X, W)(j)Y 
+ a{Y, W)X - a{X, W)Y + g{Y, W)LX - g{X, W)LY 
+ a(X, (f)W)Y - a{Y, <j)W)X + fi(X, W)LY - fl(y, W)LX 


for horizontal vector helds X, Y and W. Contracting (13.61) . we get 
(3.7) S{Y,W) - S{Y,(f)W) = {n - 1 + a -'ilj)[g{Y,W) - n{Y,W)] 

+ {n-2)[a{Y,W)-a{Y,fW)], 


where ip = tr. hi and a = tr. a. Hence we can state the following: 


Theorem 3.2. In a locally p-symmetric LP-Sasakian manifold with semi-symmetric 
metric connection the curvature tensor and the Ricci tensor are respectively given by 
(M and (lO) . 

We now consider a locally ^-symmetric LP-Sasakian manifold with Levi-Civita 
connection. Then in [16], Shaikh and Baishya proved that 
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Theorem 3.3. An LP-Sasakian manifold is locally (j)-symmetric with respect 

to Levi-Civita connection if and only if the following relation 

(3.8) {VwmX,Y)Z 

= W)g{X, Z) - W)g{Y, Z)} + Z)g{X, IT) - Z)g{Y, IT) 

+ 2{fi(T, Z)g{X)g{W) - kl{X, Z)g{Y)g{W)} - g{mx, T)T^, Z)]^ 

+ g{X)[n{W, Z)Y - g{Y, Z)(t)W - R(Y, ^W)Z] - g{Y)[kl{W, Z)X - g{X, Z)(t)W 
- R{X, f)W)Z] - g{Z) [2{(2(T, W)X - n{X, W)Y} - (j)R{X, Y)W - g{Y, W)(j)X 
+ g{X, W)<j)Y] + 2{g(Y)<j)X - g{X)<j)Y}g{Z)g{W). 

holds for arbitrary vector fields X, Y, Z, W E x(M). 

Now we take a locally ())-symmetric LP-Sasakian manifold with respect to semi- 
symmetric metric connection. Then the relation fl3.4l) holds for any horizontal vector 
helds X, T, Z, W. 

Let X, Y, Z, W be arbitrary vector helds of x{Xk). We now compnte 
{'V^ 2 wR){(jYX,(jYY)(jYZ in two different ways. Firstly by virtne of fl2.ip it follows 
from fl3.4p that 

{3.9){V^2wR){(p‘'X, cP‘^Y)(f^Z 

= [g{R{(P^X, cf^Y)cf^W, <f^Z) - g{R{(f^X, cj)^Y)cj)^W, <f^Z) 

+ a{(t>^X, ctf^W){g{Y, Z) + g{Y)g{Z)} - a{cPX f^"W){g{X, Z) + v{X)g{Z)} 

+ 4>‘^Z){g{X, IT) + v{X)g{W)} - a{(P^X, (P‘^Z){g{Y, IT) + v{Y)g{W)} 

+ f>^W){g{X, Z) + g{X)g{Z)} - a{ctf^X, ctf^W){g{Y, Z) + g{Y)g{Z)} 

+ ff(T, W)a{ci?X, 4>^Z) - n{X, W)a{ff^Y, cff^Z) + {g{X, IT) + g{X)g{W)}{g{Y, Z) 
+ g{Y)g{Z)} - {g{Y, IT) + g{Y)g{W)}{g{X, Z) + g{X)g{Z)} + {g{Y, fT) 

+ g{Y)g{W)}kl{X, Z) - {g{X, W) + g{X)g{W)}Q{Y, Z) 

+ {g{X, Z) + g{X)g{Z)}n{Y, IT) - {g{Y, Z) + g{Y)g{Z)}n{X, IT) 

+ ki{x,w)n{Y,z)-n{Y,w)ki{x,z)\i. 

From (12.411 we have 

(3.10) g{ci?X, 0 = g{ct>X 0 = g{cf^Z, 0 = 0 

and hence cfZX, (pY, cjYZ are horizontal vector helds of x{Xd). Then by virtne of 
(12.111 it follows that 

(3.11) R{(j)‘^X,(j)‘^Y)(j)‘^W = R{X,Y)W + {g{Y)X-g{X)Y}g{W) 

+ {g{Y,WMX)-g{X,WMY)}p 

(3.12) R{(j)‘^X, (pY)(pW = R{X, Y)(j)W + {fl(T, W)g{X) - n{X, W)g{Y)}^, 
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(3.13) 


(j)^W) = a{X, W) + -rj{X)r]{W). 


In view of fl3.1ip - (13.131) . (13.9p yields 
(3.14) {X^2wR){(p^X,(j)^Y)cP^Z 

= [g{RiX, y)W^, Z) - g{R{X, Y)(j)W, Z) + a{X, W){g{Y, Z) + viY)g{Z)} 

- a{Y, W){g{X, Z) + viX)g{Z)} + ^{v{X)g{Y, Z) - v{Y)giX, Z)}g{W) 

+ «(y, Z)g{X, ly) - a(X, Z)g{Y, ly) + ]^{g{Y)g{X, ly) - g{X)g{Y, W)}g{Z) 

+ {g{X)a{Y, Z) - g{Y)a{X, Z)}g{W) + a{Y, 0iy)r?(X, Z) - a(X, cl)W)g{Y, Z) 

+ {g{X)a{Y, 4)W) - g{Y)a{X, (t>W)}g{Z) + fl(y, W)a(X, Z) - n{X, W)aiY, Z) 

+ ^{g{X)n{Y, ly) - v{Y)n{X, W)MZ) + g(X, W)g(Y, Z) - g{Y, W)g{X, Z) 

+ g{Y, iy)fl(X, Z) - g{X, W)n{Y, Z) + [giY^X, Z) - g{X)n{Y, Z)}g{W) 

+ fi(y, W)g{X, Z) - n{X, W)g{Y, Z) + {g{X)n{Y, ly) - g{Y)n{X, W)}giZ) 

+ fi(x,iy)fi(y,z)-fi(y,iy)fi(x,z)]e. 


By virtue of (12. ip we have 


(3.15) {V^2wR){(t)^X,(t)^Y)(t)'^Z = {XwR){(p‘'X,(j)‘^Y)(j)^Z 

+ g{W){X^R){<P^X,<P^Y)cP^Z. 


Now for any horizontal vector helds X, Y and Z we have from (13.4p that 


(3.16) 

which implies that 

(3.17) 


(y^R){(j)^x, 0V)02z = o. 


{X^R){X,Y)Z = 0, 



(3.18) {X^2wR){(j)‘^X, (j)^Y)(j)^Z = {VwRWX, (j)^Y)(j)^Z. 


In view of (12.ip . we have 


(3.19) 


{XwR){cp^X,cP^Y)cj)^Z 
= {VwmX^Y)Z + g{Z){VwR){X,Y)^^ 

+ g{Y) {VwR) (X, i)Z + g{Y)g{Z) {VwR) {X, OC 
+ g{X){VwRm y)Z + g{X)g{Z){VwRm Y)Z. 
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Using (I2.36P in (I3.19p we get 

(3.20) {VwR){<p‘^X,(f)‘^Y)(j)^Z 

= {VwR){X, Y)Z - r]{Z)R{X, Y)(f)W - r]{Y)R{X, (j)W)Z + r]{X)R{Y, (j)W)Z 
+ i [r]{Z){n(Y, W)X - n{X, W)Y} + r](Y)n{W, Z)X - r]{X)n{W, Z)Y] 

- r]{Z){a{Y, (f)W)X - a(X, (t)W)Y} + r]{Y)a{Z, (f)W)X - v{X)a{Z, (PW)Y 

- v{X){a{Y, Z)W - rj(W)a(Y, + v(yMZ){a(X, - a(X, <PW)^} 

- v{X)v{Z){a{Y, lU)e - «(U, 0lU)e} - lv{X){g{Y, Z)W - rj(W)g(Y, Z)^} 

+ ^g(Y){g(X,Z)W-g(W)g(X,Z)^}. 

From fl3.18p and fl3.20p . we get 

(3.21) (V^2^R)(4>^X,c^^Y)fZ 

= (VwR)(X, Y)Z - g(Z)R(X, Y)(j)W - v{Y)R{X, ^W)Z + g{X)R{Y, (j)W)Z 

+ i [n{z){n(Y, w)x - n{x, w)y} + g(Y)n{w, z)x - g{x)n{w, z)y] 

- g{Z){a{Y, (f)W)X - a{X, 01U)F} + g{Y)a{Z, (f)W)X - v{X)a{Z, (PW)Y 

- v{X){a{Y, Z)W - g(W)a(Y, Z)^} + g{Y)g{Z){a{X, IF)^ - a(X, <PW)^} 

- g{X)g{Z){a{Y, PF)^ - a(F, 0PF)O - lv{X){g{Y, Z)VF - viW)g{Y, Z)^} 

+ ^g(Y){g(X,Z)W-g(W)g(X,Z)^}. 

From fl3.14p and fl3.2ip we obtain 

(3.22) (VwR)(X,Y)Z 

= g(R(X, Y)W, Z) - g{R{X, Y)<PW, Z) + a{X, W)g{Y, Z) - a{Y, W)g{X, Z) 

+ a(F, Z)g{X, PF) - a(X, Z)g{Y, PF) + ]^{g{Y)g{X, PF) - g{X)g{Y, W)}g{Z) 

- g{Y)g{W)a{X, Z) + a(F, 0PF)^(X, Z) - a(X, <^PF)^(F, Z) 

+ fi(F, W)aiX, Z) - n{X, W)a{Y, Z) + ^{g{X)n(Y, PF) - v{Y)n{X, PF)}r/(Z) 

+ g{X, W)g{Y, Z) - g{Y, W)g{X, Z) + g{Y, PF)fi(X, Z) - g{X, PF)fi(F, Z) 

+ MY)n{X, Z) - v{X)n{Y, Z)}g{W) + P2(F, W)g{X, Z) - n{X, W)g{Y, Z) 
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{r]{x)n{Y, w) - r]{Y)n{x, w)}t]{z) + w)n{Y, z) - w)n{x, z) 

ri{Z)R{X, Y)(f)W + r]{Y)R{X, (PW)Z - v{X)R{Y, (j)W)Z 
^ [r]{Z){Q{Y, W)X - Q{X, W)Y} + r]{Y)Q{W, Z)X - 7]{X)Q{W, Z)Y] 
r]{Z){a{Y, (j)W)X - a{X, (f)W)Y} - r]{Y)a{Z, (f)W)X + r]{X)a{Z, (f)W)Y 
v{X)a{Y, + ^{v{X)g{Y, Z)iy - v{Y)g{X, Z)W}. 


Thus in a locally ^-symmetric LP-Sasakian manifold with respect to semi-symmetric 
metric connection, the relation fl3.22p holds for any X, Y, Z, W G x(M). 

Next, if the relation fl3.22p holds in an LP-Sasakian manifold with respect to semi- 
symmetric metric connection then for any horizontal vector helds X, Y, Z, W, we 
obtain the relation fl3.4p and hence the manifold is locally ^-symmetric with respect 
to semi-symmetric metric connection. Thus we can state the following: 

Theorem 3.4. An LP-Sasakian manifold {M^,g) is locally (p-symmetric with respect 
to semi-symmetric metric connection if and only if the relation fl3.22p holds for any 
vector fields X, Y, Z, W E x(M). 

In view of fl2.36p . fl3.22p yields 


(3.23) {XwR){X,Y)Z 

= [kliW, Y) - giW, YMZ)X + [kl{W, Z) - g{W, Z)]g{Y)X 
+ 2g{Z)g{W)[g{X)Y - g{Y)X] + [a(F, Z)g{X) - a{X, Z)g{Y)]W 
+ [g{W, X) - n{W, X)]g{Z)Y + [g{W, Z) - Ll{W, Z)]g{X)Y 

+ g{Y, Z)g{X)[]^W - fiW] - g{X, Z)g{Y)[]^W - 

+ g{Z)R{X, Y)(j)W + g{Y)R{X, (j)W)Z - g{X)R{Y, fiW)Z 

+ i [g{X)VL{W, Z)Y - g{Y)VL{W, Z)X - g{Z){VL{Y, W)X - n(X, W)Y}] 

+ g{Z){a{Y, (f)W)X - a(X, (t)W)Y} - v{Y)a{Z, (j)W)X + g{X)a{Z, (PW)Y 


v{X)a{Y, Z)IT + -MX)g{Y, Z)IP - g{Y)g{X, Z)W} 


2MX)g(Y, Z) - g(Y)g(X, Z)}g(Y) - g(R(X, Y)(t>W, Z) 


+ ]^{g{Y)g{X,W)-g{X)g{Y,W)}g{Z) 

- g{Y)g{W)a{X, Z) + a{Y, (f)W)g{X, Z) - a(X, (t)W)g{Y, Z) + f2(y, W)a{X, Z) 
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W)a{Y, Z) + -MX)Q{Y, W) - v{YMX, W)}r]{Z) + g{Y, W^X, Z) 
g{X, WMY, Z) + {giXMX, Z) - v{X)n{Y, Z)}g{W) + 2{l](y, W)g{X, Z) 


- n{x, w)g{Y, z)} + n{x, w)n{Y, z) - w)n{x, z) 

This leads to the following: 




Theorem 3.5. In a locally (p-symmetric LP-Sasakian manifold with respect to semi- 
symmetric metric connection the relation fl3.23p holds for any vector fields X, Y, Z, 
Wex{M). 

From fl3.8p and fl3.23p . we can state the following: 


Theorem 3.6. A locally p-symmetric LP-Sasakian manifold is invariant under a 
semi-symmetric metric connection if and only if the relation 


(3.24) [ff(IT, y) - g{W, Y)]g{Z)X + [ff(IT, Z) - g{W, Z)]g{Y)X 
+ 2g{Z)g{W)[g{X)Y - g{Y)X] + [a{Y, Z)g{X) - a{X, Z)g{Y)]W 
+ [g{W, X) - f2(fT, X)]g{Z)Y + [^(IT, Z) - f2(lT, Z)]g{X)Y 

+ i[^(T, Z)g{X) - g{X, Z)giY)]W + v{Z)[g{Y, W)PX - g{X, W)PY] 

- ^ [g{X)VL{W, Z)Y - g{Y)VL{W, Z)X - g{Z){VL{Y, W)X - fi(X, W)Y}] 

+ g{Z){a{Y, PW)X - a{X, PW)Y} - g{Y)a{Z, PW)X + g{X)a{Z, PW)Y 
+ v{X)a{Y, Z)W + ^MX)g(Y, Z)W - g(Y)g(X, Z)W} 


2MX)g(Y, Z) - g(Y)g(X, Z)}g(Y) + -MY)g(X, IT) - g(X)g(Y, W)}v{Z) 


g{Y)g{W)a{X, Z) + a(T, pW)g{X, Z) - a{X, pW)g{Y, Z) + f2(T, lT)a(X, Z) 


f2(X, W)a(Y, Z) + -{g{X)Q{Y, fT) - g{Y)Q{X, W)}g{Z) + g{Y, lT)f2(X, Z) 


g{X,W)n{Y,Z) 

n{X,W)g{Y,Z) 


{v{Y)n{X, Z) - g{X)Ll{Y, Z)}g{W) + n{Y, W)g{X, Z) 


n{x, w)n{Y, z) - f2(T, w)n{x, z) 


^ = 0 


holds for arbitrary vector fields X, Y, Z, W & x{M). 


4. Locally 0-Ricci symmetric LP-Sasakian manifolds admitting 

SEMI-SYMMETRIC CONNECTION 

Definition 4.1. An LP-Sasakian manifold M is said to be locally 0-Ricci symmetric 
with respect to semi-symmetric metric connection if its satisfies the condition 

(4.1) P\{XxQm) = 0 
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for horizontal vector fields X and F, where Q is the Ricci-operator with respect to 
semi-symmetric metric connection, i.e. g{QX^Y) = S{X,Y) for all vector helds X, 

Y. 


Let ns take an LP-Sasakian manifold, which is (^-Ricci symmetric with respect to 
semi-symmetric metric connection. Then by virtne of fl2.1l) it follows from fl4.ip that 

{XxQ){Y)+v{{XxQ)iY))^ = 0 

from which it follows that 


(4.2) {XxS)iY,Z) = 0 

for all horizontal vector helds X and Y and Z. _ _ 

Let X, Y, Z be arbitrary vector helds of x(M). We now compnte (V(/,2x5')(0^R, (p'^Z) 
in two diherent ways. Since (jYX, cjYY, cjYZ are horizontal vector helds for all X, Y, 
Z G x(M), from fl4.2p we have 

(4.3) {X^2xS){<P%ct)^Z)=0 
for all X,Y,Ze x(M). By virtne of we get 

(4.4) {V^.xS){<P%cl>^Z) = {VxS){cPX<P^Z) + g{X){V^S){cP%cP^Z). 

Now for any horizontal vector helds Y and Z we have from fl4.2p that 

(VgR)(y,z) = o, 


which implies that 

(4.5) (Vg^)(02F,02^) = O 


for arbitrary vector helds Y, Z ^ x{^)- 
Using (14.bp in (14.4p we get 


(4.6) iX^2xS)i<PX^"Z) 


iXxS)icP%<P^Z). 


In view of (I2.ip . we get 

(4.7) iXxS)i<pX(l^"Z) = iXxS)^iY,Z) + r]iY)iXxS)iZ,0 ^ 

+ viZ)iXxS)iZ,0 + viYHZ)iXxS)iC,0- 


Using fl2.37p in (14.7p we get 


(4.8) 


{XxS){cPX(^^Z) 


= {XxS){Y,Z)-rj{Z)S{Y,4>X) 

+ v{Y) [R(X, Z) - SiZ, <j>X)] + v{Y)a{X, Z) 
+ [{2n - l)r]{X) - da{X)]ri{Y)rj{Z) 

+ (n - l)r]{Z)n{X, Y)-{n- 3)r]{Y)n{X, Z) 

+ {n-]^)g{Y)g{X,Z)-da{X)g{Y,Z). 
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By virtue of (14.3p and (14.81) we obtain from (14.71) that 


(4.9) {VxS){Y,Z) 


viZ)SiY, 0X) - v{Y)[S{X, Z) - S{Z, ct>X)] 
r}{Y)a{X, Z) - [{2n - 1)7]{X) - da{X)]7](Y)r]{Z) 
(n - l)r]{Z)n{X, Y) + {n- 3)r]{Y)n{X, Z) 

{n-]^)r^{Y)g{X,Z) + da{X)g{Y,Z). 


Thus in a locally ^-Ricci symmetric LP-Sasakian manifold with respect to semi- 
symmetric metric connection, the relation fl4.9p holds for any X, Y, Z ^ x{^)- 
Next if the relation fl4.9p holds in an LP-Sasakian manifold with respect to semi- 
symmetric metric connection then for any horizontal vector helds X, Y, Z with tr.a 
= constant, we obtain (VxS){Y, Z) = 0 and hence the manifold is locally 0-Ricci 
symmetric with respect to semi-symmetric metric connection. Thus we can state the 
following: 


Theorem 4.1. An LP-Sasakian manifold {M"',g) is locally (p-Ricci symmetric with 
respect to semi-symmetric metric connection with tr.a = constant if and only if the 
relation fl4.9p holds for any vector fields X, Y, Z E x(M). 

Putting y = ^ in fl4.9l) and using fl2.38p . we get 
(4.10) S{X,Z) = 2{n-2)n{X,Z)-a{X,Z) 

- (n - i)j(V, Z) + (2r! - l)r,(X)r,(Z) 

for any vector helds X, Z E x(M). 

This leads to the following: 


Theorem 4.2. In a locally p-Ricci symmetric LP-Sasakian manifold with respect to 
semi-symmetric metric connection, the Ricci tensor is of the form fl4.1Up . 
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